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Abstract 1

The Analytically Derived Interval Computation Integrity Certificates (ADIC) framework is 2

a replay-verification framework for interval-based computations over a fixed finite primi- 3

tive core. The paper does not introduce a new family of interval operators. Instead, it shows 4

that the verifier obligations for this primitive core can be reduced to finite, instantiated, 5

quantifier-free integer checks over a realized ledger. The framework combines a fixed-point 6

encoding of real intervals, a strict Galois insertion, explicit Euclidean witnesses for nontriv- 7

ial primitive rules, and a replayable compilation of program and specification constraints. 8

For the fixed primitive core considered here, verifier acceptance is proved to imply the 9

existence of a concrete trajectory and enclosure of the certified specification constraints. 10

The verifier performs deterministic replay over the realized program and specification 11

ledgers, with linear dependence on ledger size up to integer bit-complexity. The claim 12

concerns the verifier core only; transfer to deployed floating-point implementations is 13

handled separately through an explicit implementation-inclusion assumption. 14

Keywords: interval verification; formal verification; fixed-point abstraction; Galois inser- 15

tion; quantifier-free certificate checking; proof-carrying verification 16

1. Introduction 17

As autonomous systems and cyber–physical devices become ubiquitous, their numeric 18

components—such as control algorithms and neural networks—must satisfy stringent 19

safety requirements. Independent verification of these bounds is fundamentally compli- 20

cated by the non-determinism of hardware floating-point implementations [1–6] and the 21

intractable computational complexity of non-linear real arithmetic constraint solving. 22

To address this, we package numeric safety arguments into finite artefacts that can be 23

checked deterministically with strictly bounded computational resources [7]. The scope of 24

this article is replay verification for interval-based computations generated over the fixed 25

primitive set Σprim = {+,−,×, inv, sqrt, relu}. The contribution is not a new family of 26

interval operators, nor a general complexity result for nonlinear-real verification. Rather, 27

we prove that, for this fixed primitive core, the verifier can be closed inside a quantifier-free 28

ground integer signature Σint: all verification obligations are normalized into instantiated 29

integer checks over a finite realized ledger, and each nontrivial primitive rule is discharged 30

by explicit Euclidean witnesses. Transfer to deployed floating-point behavior is handled 31

separately by an explicit implementation-inclusion contract. 32

This paper makes the following theorem-level contributions for the fixed primitive 33

core: 34
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1. A formalization of fixed-point interval abstraction as a Galois insertion obtained from 35

integer well-ordering [12]. 36

2. Closed-form integer rules for the primitive set Σprim = {+,−,×, inv, sqrt, relu}, 37

where each nontrivial primitive soundness obligation is discharged by explicit Eu- 38

clidean witnesses. 39

3. A total normalization map τ from certificate-side checks to a minimal quantifier- 40

free ground integer signature, so that every formula evaluated by the verifier is an 41

instantiated integer formula under standard integer semantics. 42

4. An end-to-end theorem for the fixed primitive core showing that verifier acceptance 43

implies the existence of a concrete trajectory, enclosure of the certified specification 44

constraints, and deterministic replay verification with cost O((n + s) · C(b)) for a 45

realized certificate ledger. This is a replay bound for a realized certificate, not a 46

general complexity claim for nonlinear-real solving. 47

As public companion artifacts, we also provide (i) a Lean formalization of a core 48

lemma in ADIC as a machine-checkable proof artifact, and (ii) an ADIC-based electricity- 49

demand audit demonstration with published certificates and an audit report for a real 50

January–April 2024 electricity-demand × weather case study. These companion artifacts 51

support the surrounding formal and deployment-oriented context of the framework, but 52

they are not part of the theorem-level claims proved in the present paper. 53

Analytically Derived Interval Computation Integrity Certificates (ADIC) verification pipeline
(conceptual).

Program directed acyclic graph (DAG) + witnesses → program-ledger replay over pure integers →
specification directed acyclic graph (Spec-DAG) compilation → specification-ledger replay →

ACCEPT/REJECT with deterministic O((n + s)C(b)) checks.

Figure 1. Overview of the certificate and replay-verification workflow.

2. Related Work and Positioning 54

Interval analysis and standards. 55

Interval arithmetic is a mature discipline with standardization (IEEE 1788) and ex- 56

tensive foundational and survey treatments [8–10]. Recent work has also pushed interval 57

arithmetic directly into mechanized program-verification settings [11]. These works pri- 58

marily define sound interval operations and their mathematical intent, but they do not, by 59

themselves, prove that a verifier for a fixed primitive core can be closed inside a minimal, 60

ground integer signature. In contrast, the theorem-level novelty of the present paper is 61

not a new operator semantics result. It is a verifier-closure result for the fixed primitive 62

set Σprim: via a total normalization τ, all verifier obligations are reduced to instantiated 63

ground Σint checks, and each nontrivial primitive rule is discharged by explicit Euclidean 64

witnesses. 65

Proof-carrying code and replay-style verification. 66

Proof-carrying code (PCC) established the paradigm of shipping machine-checkable 67

evidence with programs [7]. Recent certified-checker work likewise emphasizes inde- 68

pendent checking of proof artefacts and reducing trust in the checker itself [13]. The 69

Analytically Derived Interval Computation Integrity Certificates (ADIC) framework fol- 70

lows this philosophy but specializes it to numeric safety of interval-based computations 71

over the fixed primitive core: the certificate is a finite ledger of instantiated, quantifier-free 72

integer inequalities and Euclidean witnesses, and verification is a deterministic replay pro- 73

cedure over that ledger. The key positioning difference is that the proof object is narrowed 74

to instantiated integer safety obligations and the checker performs only replay of ground 75

Σint instances, with no search over real arithmetic. 76
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Abstract interpretation and Galois connections. 77

Abstract interpretation provides the general theory for sound over-approximation 78

by abstract domains [12]. While our construction is compatible with this viewpoint, the 79

contribution here is narrower and more concrete: for the fixed primitive core, we prove a 80

strict Galois insertion between real interval semantics and an encoded fixed-point integer 81

domain, and we close each primitive soundness obligation by explicitly witnessed integer 82

inequalities. Thus, the novelty is not a general abstract-interpretation framework, but 83

closure of the concrete verifier obligations themselves as finite ground checks. 84

Floating-point proof tools and SMT baselines. 85

Floating-point non-determinism and rounding-aware reasoning are addressed by tools 86

such as Gappa and FPTaylor, and by more recent systems such as PRECiSA 4.0, VCFloat2, 87

and end-to-end Coq-based floating-point verification [1–6]. We do not incorporate such tool 88

reasoning into the verifier trusted computing base (TCB); instead, deployment behavior is 89

separated as an explicit implementation-inclusion assumption, while the verifier remains 90

purely integer-based. As a baseline, solver-oriented encodings of analogous constraints 91

in non-linear real arithmetic can become computationally heavy [14,15]. Our theorem is 92

narrower: for the fixed primitive core and a realized certificate ledger, solver-driven search 93

is replaced by deterministic replay in O((n + s)C(b)). This is not a general complexity 94

claim for nonlinear-real verification. 95

Table 1. Positioning of Analytically Derived Interval Computation Integrity Certificates (ADIC)
against neighboring lines of work.

Line of work Primary object Checking-time burden Distinguishing point
of the framework

Interval standards
and classical
interval analysis

Sound interval
operators and outer
bounds

Mathematical semantics
of interval operations;
not a closed replay
verifier by itself.

Closes verifier
obligations for a fixed
primitive core inside
ground integer replay.

Proof-carrying
code

Machine-checkable
evidence attached to
programs

Proof object depends on
the target logic and
checker.

Specializes
proof-carrying checking
to a finite ledger of
instantiated integer
inequalities and
Euclidean witnesses.

Floating-point
proof tools

Rounding-aware
reasoning for
floating-point
expressions

Checker depends on
floating-point or
analytic reasoning.

Separates deployment
semantics by explicit
contract while keeping
the verifier core
discrete.

SMT / QF_NRA
encodings

Solver-based
constraint satisfaction
over nonlinear reals

Search-heavy solving
can dominate checking
cost.

Replaces solver search
by deterministic replay
over a finite realized
ledger for the fixed
primitive core.

3. Materials and Methods 96

This article is a theoretical mathematics paper centered on verifier design, proof closure, 97

and complexity analysis for a fixed finite primitive core of interval programs. The workflow 98

is: (i) define the fixed-point interval domain and outward abstraction; (ii) restrict the verifier 99

to a ground quantifier-free integer signature via a total normalization homomorphism; 100

(iii) close all primitive rules for Σprim by explicit Euclidean witnesses; (iv) serialize both 101
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program evaluation and specification checking into finite ledgers; and (v) replay-verify a 102

realized certificate in deterministic linear time. The mathematical constructions and verifier 103

obligations are formalized in Sections 5–18. 104

4. Results 105

For the fixed primitive core Σprim = {+,−,×, inv, sqrt, relu}, the main theorem-level 106

conclusion of this paper is the following: for a realized certificate ledger, verifier acceptance 107

implies the existence of a concrete trajectory, enclosure of all certified specification evalua- 108

tions, and deterministic replay verification in time O((n + s) · C(b)). Table 2 summarizes 109

the formal components that establish this claim. 110

Table 2. Main formal outputs established in this paper.

Formal output Precise claim Scope / theorem anchor

Strict abstraction
result

Real intervals embed into the
encoded fixed-point domain via a
strict Galois insertion with
optimal outward integer bounds.

Theorem 1

Ground verifier
closure

Every verifier obligation is
reduced to an instantiated
quantifier-free integer formula
with a unique truth value under
standard integer semantics.

Lemma 7, Lemma 9

End-to-end soundness

ACCEPT implies existence of a
concrete trajectory, enclosure of
all compiled specification
evaluations, and satisfaction of all
certified inequalities.

Theorem 9, Theorem 10,
Theorem 11

Deterministic replay
complexity

Verification of a realized
certificate is linear in realized
program and specification ledger
sizes, up to multi-precision
integer bit-complexity.

Theorem 12

Internal worked certificate example. 111

To make the replay semantics concrete, we include a fully internal worked certificate 112

example. At scale D = 1, take input intervals I1 = [1, 2] and I2 = [3, 5]. The four endpoint 113

products are {3, 5, 6, 10}, so replay of the explicit minimum and maximum witnesses 114

yields the certified multiplication enclosure [3, 10]. For the specification e(x) = x − 10, 115

specification replay gives the output enclosure [−7, 0]. Therefore, the verifier accepts the 116

certified safety claim e(x) ≤ 0. This example is illustrative rather than empirical: its role is 117

to expose the finite certificate semantics and to show that the verifier consumes instantiated 118

integer checks rather than performing search over real arithmetic. 119

Nature of the contribution. 120

Accordingly, this article is a theoretical mathematics paper with an internal worked 121

certificate example rather than a benchmark study. Its scientific contribution is the math- 122

ematical closure of the verifier core and the replay-verification architecture for the fixed 123

primitive core Σprim. 124

5. Formal Foundations of Pure-Integer Abstraction 125

We define the mathematical foundation required to translate continuous operations 126

into purely integer-based verification obligations. Let Z denote the ring of integers, N>0 127
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the strictly positive integers, and R the field of real numbers. We fix a global scaling factor 128

D ∈ N>0. 129

5.1. Integer Extrema and Well-Ordering 130

To define the integer abstraction without appealing to limiting constructions, we 131

construct the interval boundaries directly from the well-ordering principle of integers. 132

Lemma 1 (Existence of Integer Maximum). Let S ⊂ Z be a non-empty set bounded above by 133

M ∈ Z such that ∀s ∈ S, s ≤ M. Then S possesses a unique maximum element max S ∈ S. 134

Proof. Let T := {M − s | s ∈ S}. Since s ≤ M, T ⊂ N≥0. Because S is non-empty, T is non- 135

empty. By the well-ordering principle of N≥0, T contains a unique minimum t0 = M − s0. 136

For any s ∈ S, M − s ≥ t0 = M − s0, which implies s ≤ s0. Thus s0 = max S. 137

Lemma 2 (Existence of Integer Minimum). Let S ⊂ Z be a non-empty set bounded below by 138

m ∈ Z such that ∀s ∈ S, m ≤ s. Then S possesses a unique minimum element min S ∈ S. 139

Proof. Let T := {−s | s ∈ S} ⊂ Z. T is bounded above by −m. By Lemma 1, max T exists. 140

We define min S = −max T. 141

5.2. Abstract Domain and Galois Insertion 142

Definition 1 (Encoded Interval Domain). The abstract domain of encoded fixed-point intervals 143

is defined as: 144

ID := {(a, b) ∈ Z2 | a ≤ b} 145

The concretization function γD : ID → 2R decodes an integer pair into a continuous real interval: 146

γD(a, b) := [a/D, b/D] ⊂ R 147

We define the partial order (a, b) ⊑ (c, d) ⇐⇒ (c ≤ a) ∧ (b ≤ d). This logically coincides with 148

subset inclusion: (a, b) ⊑ (c, d) ⇐⇒ γD(a, b) ⊆ γD(c, d). 149

Lemma 3 (Boundedness of Abstraction Sets). For any ℓ, u ∈ R with ℓ ≤ u and D ∈ N>0, 150

the integer sets Sℓ := {a ∈ Z | a/D ≤ ℓ} and Su := {b ∈ Z | u ≤ b/D} are non-empty, and 151

respectively bounded above and below. 152

Proof. By the Archimedean property of R, there exists n ∈ N>0 such that n > −Dℓ. 153

Thus −n/D < ℓ. Choosing a = −n ∈ Z yields a/D ≤ ℓ, proving Sℓ is non-empty. 154

Furthermore, there exists m ∈ N>0 such that m > Dℓ, meaning ℓ < m/D. For any a ∈ Sℓ, 155

a/D ≤ ℓ < m/D, implying a < m. Since a, m ∈ Z, a ≤ m − 1. Thus Sℓ is bounded above 156

by m − 1. Symmetrically for Su: there exists m′ ∈ N>0 such that m′ > Du, so u < m′/D. 157

Choosing b = m′ ∈ Z gives u ≤ b/D, meaning Su is non-empty. There exists n′ ∈ N>0 such 158

that n′ > −Du, so u > −n′/D. For any b ∈ Su, −n′/D < u ≤ b/D, so −n′ < b, meaning 159

−n′ + 1 ≤ b. Thus Su is bounded below. 160

Definition 2 (Outward Abstraction via Integer Extrema). Let J := {[ℓ, u] ⊂ R | ℓ ≤ u} be 161

the set of bounded, closed real intervals. For J = [ℓ, u] ∈ J , we construct the optimal outer integer 162

boundaries purely via integer selection. By Lemmas 1, 2, and 3, we uniquely define: 163

A(J) := max Sℓ, B(J) := min Su 164

Since ℓ ≤ u, it strictly follows that A(J)/D ≤ ℓ ≤ u ≤ B(J)/D, ensuring A(J) ≤ B(J). We 165

define the pure-integer abstraction function as αD(J) := (A(J), B(J)) ∈ ID. 166
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Lemma 4 (Equivalence to Floor and Ceiling). The optimal boundaries strictly correspond to 167

mathematical floor and ceiling operations: A([ℓ, u]) = ⌊Dℓ⌋ and B([ℓ, u]) = ⌈Du⌉. 168

Proof. A(J) = max{a ∈ Z | a/D ≤ ℓ} = max{a ∈ Z | a ≤ Dℓ}. By definition of the floor 169

function over reals, the largest integer not exceeding Dℓ is exactly ⌊Dℓ⌋. Symmetrically, 170

B(J) = min{b ∈ Z | Du ≤ b} = ⌈Du⌉. 171

Theorem 1 (Strict Galois Insertion). The functions (αD, γD) form a Galois insertion between 172

(J ,⊆) and (ID,⊑), ensuring strict monotonicity and continuous bounding. Specifically: 173

1. J ⊆ γD(αD(J)) 174

2. αD(γD(I)) = I 175

3. (Adjunction) αD(J) ⊑ I ⇐⇒ J ⊆ γD(I) 176

Proof. (1) Let J = [ℓ, u]. By Definition 2, A(J)/D ≤ ℓ and u ≤ B(J)/D. Thus, J = [ℓ, u] ⊆ 177

[A(J)/D, B(J)/D] = γD(αD(J)). (2) Let I = (c, d) ∈ ID. Then γD(I) = [c/D, d/D]. 178

A(γD(I)) = max{x ∈ Z | x/D ≤ c/D} = c. Similarly, B(γD(I)) = min{y ∈ Z | d/D ≤ 179

y/D} = d. Thus αD(γD(I)) = (c, d) = I. (3) Let J = [ℓ, u] ∈ J and I = (c, d) ∈ ID. Let 180

αD(J) = (A(J), B(J)). By the definition of ⊑, αD(J) ⊑ I ⇐⇒ (c ≤ A(J)) ∧ (B(J) ≤ d). 181

We claim c ≤ A(J) ⇐⇒ c/D ≤ ℓ. Indeed, if c ≤ A(J) then c/D ≤ A(J)/D ≤ ℓ. 182

Conversely, if c/D ≤ ℓ, then c ∈ Sℓ. Because A(J) = max Sℓ, c ≤ A(J). Symmetrically, 183

B(J) ≤ d ⇐⇒ u ≤ d/D. Therefore, αD(J) ⊑ I holds if and only if (c/D ≤ ℓ)∧ (u ≤ d/D), 184

which equivalently means J = [ℓ, u] ⊆ [c/D, d/D] = γD(I). 185

5.3. Set Extensions and Bounded Hulls 186

Lemma 5 (Existence of Hull). If S ⊂ R is non-empty and bounded, then inf S, sup S ∈ R exist 187

by the completeness of R, and hull(S) := [inf S, sup S] ∈ J . 188

Definition 3 (Set Extension). For any function f : Rk → R, its set extension is f ♯(S1, . . . , Sk) := 189

{ f (x1, . . . , xk) | xi ∈ Si}. 190

Lemma 6 (Monotonicity). If Si ⊆ S′
i for all i, then f ♯(S1, . . . , Sk) ⊆ f ♯(S′

1, . . . , S′
k). For 191

non-empty bounded sets, A ⊆ B =⇒ hull(A) ⊆ hull(B). 192

6. Signatures, Normalization, and Quantifier-Free Compilation 193

To completely close the formal verification system, we strictly isolate the algebraic 194

signature from arbitrary logical connectives. 195

Definition 4 (Verification Signature Σint, Source Signature Σsrc, and Instantiated Formulas). 196

The verifier arithmetic logic evaluates exclusively ground (fully instantiated) quantifier-free formulas. 197

The strict operator signature is: 198

Σint := {+,−,×,≤,<,=} 199

We additionally define a source signature that may occur in certificate-side checks: 200

Σsrc := Σint ∪ {>,≥, ̸=, =⇒ }∪ {true}. 201

We treat true as an abbreviation for the ground atom (0 = 0). Let IntTerm be terms composed 202

solely of integer constants and {+,−,×}. Let Atom be predicates of the form (t1 = t2), (t1 < t2), 203

(t1 ≤ t2). A QFForm (Quantifier-Free Formula) is defined recursively from Atoms using {∧,∨,¬}. 204

A check schema is a QFForm over Σsrc written with formal integer parameters (placeholders). 205

For a schema ϕ(ξ1, . . . , ξm) and integers (z1, . . . , zm), we write ϕ[z1, . . . , zm] for the instantiated 206
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formula obtained by simultaneously replacing each placeholder ξ j by zj. The verifier only evaluates 207

such instantiated formulas, hence all formulas it evaluates are ground. 208

Lemma 7 (Ground Determinism). For any instantiated QFForm ϕ over Σint, the truth value of ϕ 209

under standard integer semantics is uniquely determined. 210

Proof. By recursion on the finite syntax tree of ϕ: each IntTerm evaluates to a unique inte- 211

ger in Z, each Atom to a unique boolean, and the connectives ∧,∨,¬ are truth-functional. 212

Lemma 8 (Trichotomy of Integers). For any a, b ∈ Z, exactly one of the following propositions is 213

true: a = b, a < b, or b < a. These states are mutually exclusive and exhaustive. 214

Proof. For a, b ∈ Z, consider a − b ∈ Z. Exactly one of a − b = 0, a − b > 0, a − b < 0 holds 215

by the total order of Z. These correspond respectively to a = b, b < a, and a < b. Mutual 216

exclusivity follows from antisymmetry and irreflexivity of <. 217

Definition 5 (Total Normalization Homomorphism τ). We define τ as a total recursive ho- 218

momorphism mapping instantiated formulas over Σsrc into Σint atoms and connectives. For oper- 219

ations natively within the target space, τ is the identity mapping. It preserves boolean structure: 220

τ(¬ϕ) := ¬τ(ϕ), τ(ϕ ∧ ψ) := τ(ϕ) ∧ τ(ψ), τ(ϕ ∨ ψ) := τ(ϕ) ∨ τ(ψ). We additionally set 221

τ(true) := (0 = 0). Derived relational symbols are strictly replaced: 222

1. τ(A > B) := (B < A) 223

2. τ(A ≥ B) := (B ≤ A) 224

3. τ(A ̸= B) := (A < B) ∨ (B < A) 225

4. τ(P =⇒ Q) := ¬τ(P) ∨ τ(Q) 226

Lemma 9 (Truth Preservation of τ). For any instantiated formula ϕ over Σsrc, ϕ evaluates to 227

true under standard integer semantics if and only if τ(ϕ) evaluates to true. 228

Proof. By structural induction on the grammar of instantiated formulas. The base atoms 229

are identical. The case ϕ = true reduces to (0 = 0) by definition of τ(true). The expansions 230

of >, ≥, and =⇒ hold via fundamental propositional and algebraic equivalences. The 231

expansion of ̸= is logically equivalent by the strict Trichotomy of integers (Lemma 8). 232

Connectives are preserved directly. 233

6.1. Explicit Witness Division Inequalities 234

We trace Euclidean division properties directly via certificate-supplied witnesses. We 235

explicitly reject unbounded loops, case statements, and unverified floor/ceiling implemen- 236

tations from the evaluation engine. 237

Definition 6 (Abstract Division Bounds CheckFDIV, CheckCDIV). For z ∈ Z and d ∈ Z \ {0}, 238

given a target bound Q ∈ Z, define: 239

CheckFDIV(z, d, Q) := (0 < d ∧ Q · d ≤ z ∧ z < (Q + 1) · d)

∨ (d < 0 ∧ Q · d ≥ z ∧ z > (Q + 1) · d)

CheckCDIV(z, d, Q) := (0 < d ∧ (Q − 1) · d < z ∧ z ≤ Q · d)

∨ (d < 0 ∧ (Q − 1) · d > z ∧ z ≥ Q · d).

240
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Lemma 10 (Negative Divisor Inequality Rule). For any integers A, B and d < 0, dividing 241

inequalities by d reverses the relation over R: 242

A ≤ B =⇒ A/d ≥ B/d, A < B =⇒ A/d > B/d. 243

Proof. Assume d < 0 and view A, B, d as real numbers. Since −1/d > 0, multiplying 244

A ≤ B by −1/d preserves the inequality: 245

(−1/d)A ≤ (−1/d)B. 246

But (−1/d)A = −(A/d) and (−1/d)B = −(B/d), hence 247

−(A/d) ≤ −(B/d). 248

Multiplying both sides by −1 reverses the inequality, giving A/d ≥ B/d. The strict case 249

A < B is identical. 250

Lemma 11 (FDIV Bounding). If CheckFDIV(z, d, Q) is true, the mathematical ratio is strictly 251

bounded as Q ≤ z/d < Q + 1. 252

Proof. If the (0 < d) branch is true: Qd ≤ z < (Q + 1)d. Dividing all terms by d > 0 253

preserves inequalities, yielding Q ≤ z/d < Q + 1. If the (d < 0) branch is true: Qd ≥ z > 254

(Q + 1)d. Applying Lemma 10, dividing by d < 0 reverses the inequalities, identically 255

yielding Q ≤ z/d < Q + 1. 256

Lemma 12 (CDIV Bounding). If CheckCDIV(z, d, Q) is true, the mathematical ratio is strictly 257

bounded as Q − 1 < z/d ≤ Q. 258

Proof. If (0 < d): (Q − 1)d < z ≤ Qd. Dividing by d > 0 preserves inequalities: Q − 1 < 259

z/d ≤ Q. If (d < 0): (Q − 1)d > z ≥ Qd. Applying Lemma 10, dividing by d < 0 reverses 260

inequalities: Q − 1 < z/d ≤ Q. 261

Lemma 13 (Unified Division Bounding). Let z ∈ Z and d ∈ Z \ {0}. If CheckFDIV(z, d, Q) 262

holds then Q ≤ z/d < Q + 1. If CheckCDIV(z, d, Q) holds then Q − 1 < z/d ≤ Q. 263

Proof. Both statements are exactly Lemma 11 and Lemma 12 with the two sign branches. 264

The negative-divisor branch correctness is discharged solely by Lemma 10. 265

Lemma 14 (Reciprocal Monotonicity on Sign-Stable Domains). Let x, y ∈ R with xy > 0 266

(i.e., both are positive or both are negative). If x < y then 1/x > 1/y. Equivalently, the function 267

r(x) = 1/x is strictly decreasing on R>0 and on R<0. 268

Proof. Assume xy > 0 and x < y. Then 269

1
x
− 1

y
=

y − x
xy

. 270

Here y − x > 0 and xy > 0, so (y − x)/(xy) > 0, hence 1/x − 1/y > 0, i.e., 1/x > 1/y. 271

7. The Finite Ruleset Σprim and Direct Soundness 272

We fix the primitive ruleset Σprim = {+,−,×, inv, sqrt, relu}. Division is not taken as 273

a primitive; at compilation time it is represented as x/y := x × inv(y). 274
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Definition 7 (Implementation Semantics and Domain Bound). For each σ ∈ Σprim, let f impl
σ : 275

Rk(σ) → R denote the mathematical semantics of the primitive on the domain DomR
σ ⊆ Rk(σ). We 276

pair this with an abstract indicator Domσ : Ik(σ)
D → QFForm. 277

To guarantee mathematical safety prior to invocation, we explicitly define and prove 278

the Abstract Domain Safety bounds for every primitive. 279

Lemma 15 (Abstract Domain Safety for inv). Let Dominv(a, b) := (0 < a) ∨ (b < 0). If 280

τ(Dominv(a, b)) is true, then γD(a, b) ⊆ R \ {0}. 281

Proof. By Lemma 9, the ground proposition (0 < a) ∨ (b < 0) is true. If 0 < a, then for 282

any x ∈ γD(a, b), x ≥ a/D > 0. Thus γD(a, b) ⊆ R>0. If b < 0, then for any x ∈ γD(a, b), 283

x ≤ b/D < 0. Thus γD(a, b) ⊆ R<0. In both disjoint continuous regions, 0 /∈ γD(a, b). 284

Lemma 16 (Abstract Domain Safety for sqrt). Let Domsqrt(a, b) := (0 ≤ a). If 285

τ(Domsqrt(a, b)) is true, then γD(a, b) ⊆ R≥0. 286

Proof. By Lemma 9, 0 ≤ a. For any x ∈ γD(a, b), x ≥ a/D ≥ 0. Thus γD(a, b) ⊆ R≥0. 287

Lemma 17 (Abstract Domain Safety for Trivial Domains). For σ ∈ {+,−,×, relu}, we set 288

Domσ := true. Because their mathematical domains are Rk, the relation γD(. . . ) ⊆ DomR
σ is 289

unconditionally satisfied. 290

Definition 8 (Well-Formedness WF∗ and R-SOUND). For each σ, the Verifier strictly evaluates 291

the composite ground formula: 292

Check∗
σ(I1, . . . , Ik, Wσ) := Domσ(I1, . . . , Ik) ∧ Checkσ(I1, . . . , Ik, Wσ) 293

A node evaluation is structurally well-formed, denoted WF∗
σ, if and only if τ(Check∗

σ) evaluates to 294

true. A closed-form algorithm Tσ(I1, . . . , Ik, Wσ) returning (A, B) ∈ Z2 satisfies R-SOUND if, 295

whenever WF∗
σ holds: 296

1. A ≤ B, ensuring (A, B) ∈ ID (Closure). 297

2. ( f impl
σ )♯(γD(I1), . . . , γD(Ik)) ⊆ γD(A, B) (Soundness). 298

We construct R-SOUND entirely via explicit Euclidean integer traces. Let I = (a, b) 299

and J = (c, d) ∈ ID, implying a ≤ b and c ≤ d. 300

7.1. Addition and Subtraction 301

f impl
+ (x, y) = x + y, f impl

− (x, y) = x − y. Check+, Check− := true. 302

Closed Form: T+(I, J) := (a + c, b + d) and T−(I, J) := (a − d, b − c). 303

Theorem 2 (R-SOUND for +, -). T+ and T− satisfy R-SOUND. 304

Proof. Closure is trivially a ≤ b ∧ c ≤ d =⇒ a + c ≤ b + d. For Soundness of addition: 305

take any x ∈ [a/D, b/D] and y ∈ [c/D, d/D]. Adding the inequalities yields a/D + c/D ≤ 306

x + y ≤ b/D + d/D. Factoring 1/D proves x + y ∈ [(a + c)/D, (b + d)/D] = γD(T+). A 307

symmetric substitution proves T−. 308

7.2. Multiplication 309

f impl
× (x, y) = xy. 310
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Lemma 18 (Bilinear Vertex Extremum). Let x1 ≤ x2 and y1 ≤ y2 be real numbers and define 311

X = [x1, x2], Y = [y1, y2]. Then the extrema of f (x, y) = xy on X × Y are attained at the four 312

vertices: 313

min
(x,y)∈X×Y

xy = min{x1y1, x1y2, x2y1, x2y2}, max
(x,y)∈X×Y

xy = max{x1y1, x1y2, x2y1, x2y2}. 314

Proof. Fix y ∈ Y. The map x 7→ xy is affine on X, hence its minimum and maximum on X 315

are attained at x ∈ {x1, x2}. Define 316

g(y) := min{x1y, x2y}, h(y) := max{x1y, x2y}. 317

Then for every (x, y) ∈ X × Y we have g(y) ≤ xy ≤ h(y), and both bounds are attainable 318

by choosing x = x1 or x = x2. 319

Next, observe that g and h are piecewise affine in y (each is the pointwise min/max 320

of two affine maps). On any interval where g is affine, its extrema over Y occur at the 321

endpoints y1 or y2; the same holds for h. Therefore, 322

min
y∈Y

g(y) = min{g(y1), g(y2)}, max
y∈Y

h(y) = max{h(y1), h(y2)}. 323

But g(y1), g(y2), h(y1), h(y2) are exactly the four products x1y1, x1y2, x2y1, x2y2 arranged 324

by min/max, hence the claim follows. 325

Lemma 19 (Fixed-Point Product Bounding). Let x ∈ [a/D, b/D] and y ∈ [c/D, d/D] with 326

a ≤ b and c ≤ d. Then 327

min{ac, ad, bc, bd}
D2 ≤ xy ≤ max{ac, ad, bc, bd}

D2 . 328

Proof. Apply Lemma 18 with x1 = a/D, x2 = b/D, y1 = c/D, y2 = d/D and factor 1/D2
329

from each vertex product. 330

Witness: W× = (pmin, pmax, Q f , Qc) ∈ Z4. Let p1 = ac, p2 = ad, p3 = bc, p4 = bd. To 331

ensure compliance with the quantifier-free verifier language without relying on unverified 332

min/max macros, the checks explicitly bind the minimum and maximum of this finite set: 333

Checkmin(a, b, c, d, pmin) := (pmin = p1 ∨ pmin = p2 ∨ pmin = p3 ∨ pmin = p4) 334

∧ (pmin ≤ p1) ∧ (pmin ≤ p2) 335

∧ (pmin ≤ p3) ∧ (pmin ≤ p4) 336

337

Checkmax(a, b, c, d, pmax) := (pmax = p1 ∨ pmax = p2 ∨ pmax = p3 ∨ pmax = p4) 338

∧ (p1 ≤ pmax) ∧ (p2 ≤ pmax) 339

∧ (p3 ≤ pmax) ∧ (p4 ≤ pmax) 340

Lemma 20 (Min Witness Correctness). If τ(Checkmin(a, b, c, d, pmin)) is true, then 341

pmin = min{ac, ad, bc, bd}. 342

Proof. By Lemma 9, Checkmin holds under standard integer semantics. The first conjunct 343

forces pmin ∈ {p1, p2, p3, p4} where p1 = ac, p2 = ad, p3 = bc, p4 = bd. The remaining 344

conjuncts state pmin ≤ pi for each i = 1, 2, 3, 4. Therefore pmin is an element of the set that 345

is ≤ every element of the set, hence it is exactly the minimum. 346
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Lemma 21 (Max Witness Correctness). If τ(Checkmax(a, b, c, d, pmax)) is true, then 347

pmax = max{ac, ad, bc, bd}. 348

Proof. By Lemma 9, Checkmax holds. The first conjunct forces pmax ∈ {p1, p2, p3, p4}. The 349

remaining conjuncts state pi ≤ pmax for each i = 1, 2, 3, 4. Therefore pmax is an element of 350

the set that is ≥ every element of the set, hence it is exactly the maximum. 351

Lemma 22 (Min/Max Ordering). If τ(Checkmin(a, b, c, d, pmin) ∧ Checkmax(a, b, c, d, pmax)) 352

is true, then pmin ≤ pmax. 353

Proof. From Lemma 20 and Lemma 21, pmin is the minimum and pmax is the maximum of 354

the same finite set, hence pmin ≤ pmax. 355

Check Definition: 356

Check×(I, J, W×) := Checkmin(a, b, c, d, pmin)

∧ Checkmax(a, b, c, d, pmax)

∧ CheckFDIV(pmin, D, Q f )

∧ CheckCDIV(pmax, D, Qc).

357

We rely on the absolute constant D > 0. 358

Closed Form: T×(I, J, W×) := (Q f , Qc). 359

Theorem 3 (R-SOUND for ×). T× satisfies R-SOUND. 360

Proof. Closure: If WF∗
× passes, Lemma 22 guarantees pmin ≤ pmax. By Lemma 13 applied 361

to divisor D > 0, we have Q f ≤ pmin/D ≤ pmax/D ≤ Qc. Thus Q f ≤ Qc, meaning 362

T× ∈ ID. Soundness: For x ∈ γD(I) and y ∈ γD(J), we have x ∈ [a/D, b/D] and 363

y ∈ [c/D, d/D]. By Lemma 19, 364

min{ac, ad, bc, bd}
D2 ≤ xy ≤ max{ac, ad, bc, bd}

D2 . 365

By Lemma 20 and Lemma 21, pmin = min{ac, ad, bc, bd} and pmax = max{ac, ad, bc, bd}. 366

From Lemma 13 with divisor D > 0, Q f ≤ pmin/D and pmax/D ≤ Qc. Dividing by D > 0 367

yields Q f /D ≤ pmin/D2 and pmax/D2 ≤ Qc/D. Therefore Q f /D ≤ xy ≤ Qc/D, i.e., 368

xy ∈ γD(T×). 369

7.3. Reciprocal 370

f impl
inv (x) = 1/x. 371

Witness: Winv = (QL, QU) ∈ Z2. 372

Check Definition: Checkinv(a, b, QL, QU) := CheckFDIV(D · D, b, QL) ∧ CheckCDIV(D · 373

D, a, QU). 374

Closed Form: Tinv(a, b, Winv) := (QL, QU). 375

Theorem 4 (R-SOUND for inv). Tinv satisfies R-SOUND. 376

Proof. By Abstract Domain Safety (Lemma 15), WF∗
inv guarantees 0 /∈ [a/D, b/D], thus 1/x 377

is totally defined. We evaluate the non-overlapping sub-domains. Closure: If 0 < a, then 378

0 < a ≤ b. By Lemma 13, QL ≤ D2/b and D2/a ≤ QU . By Lemma 14, the reciprocal map 379

is strictly decreasing on each sign-stable domain, hence for 0 < a ≤ b we have 1/b ≤ 1/a. 380

Thus QL ≤ D2/b ≤ D2/a ≤ QU . If b < 0, then a ≤ b < 0. By Lemma 13 applied to the 381
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explicitly negative divisor b < 0, the ratio evaluation correctly applies Lemma 10 to yield 382

QL ≤ D2/b. By Lemma 13 on divisor a < 0, D2/a ≤ QU . By Lemma 14, the reciprocal 383

map is strictly decreasing on each sign-stable domain, hence for a ≤ b < 0 we also have 384

1/b ≤ 1/a. Thus QL ≤ D2/b ≤ D2/a ≤ QU . Soundness: For any x ∈ [a/D, b/D]. If 385

0 < a, then 1/x ∈ [D/b, D/a]. From Lemma 13 with positive divisor b > 0, QL ≤ D2/b, 386

so QL/D ≤ D/b ≤ 1/x. From Lemma 13 with positive divisor a > 0, D2/a ≤ QU , so 387

1/x ≤ D/a ≤ QU/D. If b < 0, then 1/x ∈ [D/b, D/a]. From Lemma 13 with negative 388

divisor b < 0, inequality is reversed strictly to QL ≤ D2/b, thus QL/D ≤ D/b ≤ 1/x. 389

From Lemma 13 with negative divisor a < 0, inequality is reversed to D2/a ≤ QU , thus 390

1/x ≤ D/a ≤ QU/D. Thus 1/x ∈ γD(Tinv). 391

7.4. Square Root 392

f impl
sqrt (x) =

√
x. 393

Witness: Wsqrt = (p, q) ∈ Z2. 394

Check Definition: Checksqrt(a, b, p, q) := (0 ≤ p) ∧ (0 ≤ q) ∧ (p · p ≤ a · D) ∧ (b · D ≤ 395

q · q) ∧ ((0 < b · D) ∨ (q = 0)). 396

Closed Form: Tsqrt(a, b, Wsqrt) := (p, q). 397

Theorem 5 (R-SOUND for sqrt). Tsqrt satisfies R-SOUND. 398

Proof. By Abstract Domain Safety (Lemma 16), WF∗
sqrt guarantees γD(I) ⊆ R≥0, ensuring 399

real square roots exist. Closure: p2 ≤ aD ≤ bD ≤ q2. Since p ≥ 0 and q ≥ 0, p ≤ q, 400

ensuring Tsqrt ∈ ID. Soundness: For x ∈ [a/D, b/D], multiplying by D > 0 gives 401

0 ≤ a ≤ Dx ≤ b. By mathematical strict monotonicity of square roots on R≥0,
√

a/D ≤ 402√
x ≤

√
b/D. Since p2 ≤ aD, dividing both sides by D2 > 0 yields (p/D)2 ≤ a/D. 403

Since p ≥ 0, extracting the principal square root yields p/D ≤
√

a/D ≤
√

x. Since 404

bD ≤ q2, dividing by D2 yields b/D ≤ (q/D)2. Since q ≥ 0,
√

x ≤
√

b/D ≤ q/D. Thus 405√
x ∈ γD(p, q). 406

7.5. Non-Linear Primitives (ReLU) 407

f impl
relu (x) = max(0, x). 408

Lemma 23 (ReLU Branch Covering and Mutual Exclusion). For any a, b ∈ Z subject to a ≤ b, 409

exactly one of the following ground conditions mathematically holds: (1) b ≤ 0, (2) 0 ≤ a, (3) 410

a < 0 ∧ 0 < b. 411

Proof. Applying the Trichotomy of integers to b against 0: If b ≤ 0, case (1) holds. Since 412

a ≤ b, a ≤ 0, excluding (2) and (3). If 0 < b, we apply Trichotomy to a against 0: If 0 ≤ a, 413

case (2) holds, excluding (3). If a < 0, then a < 0 ∧ 0 < b, satisfying case (3) and excluding 414

(2). 415

Witness: Wrelu = (A, B) ∈ Z2. 416

Check Definition (Full Expansion): Instead of implicit control flow, the Verifier evaluates 417

the absolute flat proposition: 418

Checkrelu(a, b, A, B) := (b ≤ 0 ∧ A = 0 ∧ B = 0)

∨ (0 ≤ a ∧ A = a ∧ B = b)

∨ (a < 0 ∧ 0 < b ∧ A = 0 ∧ B = b)

419

Closed Form: Trelu(a, b, A, B) := (A, B). 420
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Theorem 6 (R-SOUND for relu). Trelu satisfies R-SOUND. 421

Proof. By Lemma 17, Abstract Domain Safety trivially holds. By Lemma 23, WF∗
relu guar- 422

antees exactly one disjoint branch passes evaluation. Closure A ≤ B is trivial in all three. 423

Case 1 (b ≤ 0): For x ∈ [a/D, b/D], x ≤ 0, so max(0, x) = 0 ∈ [0, 0] = γD(A, B). Case 424

2 (0 ≤ a): For x ∈ [a/D, b/D], x ≥ 0, so max(0, x) = x ∈ [a/D, b/D] = γD(A, B). 425

Case 3 (a < 0 ∧ 0 < b): For x ∈ [a/D, b/D], x ≤ b/D. Also max(0, x) ≥ 0. If x < 0, 426

max(0, x) = 0 ≤ b/D. If x ≥ 0, max(0, x) = x ≤ b/D. In both mathematical sub-domains, 427

max(0, x) ∈ [0, b/D] = γD(A, B). 428

8. Constants, Program Model, and Continuous Trajectories 429

To completely eliminate mathematical hazard, theoretical specifications must compile 430

precisely into integer constraints without implicit approximation loss. 431

Definition 9 (Spec Constant Set and Encoded Constants). Let Kspec ⊂ Z be the finite set of all 432

integer constant payloads appearing in the certificate’s boundary inputs, program constants, and 433

specification constraints. Each k ∈ Kspec represents the exact rational constant k/D ∈ Q ⊂ R. 434

No additional divisibility condition is required by the verifier; correctness is with respect to these 435

encoded rationals. 436

Theorem 7 (Exact Constant Embedding). For any k ∈ Kspec, γD(k, k) = {k/D}. In particular, 437

encoded constants embed into the integer domain with zero approximation error. 438

Proof. Immediate from the definition γD(a, b) = [a/D, b/D]. 439

Definition 10 (Program DAG). A program P is a graph V = {1, . . . , N} with a typing function 440

t : V → {IN, CONST, OP}. IN nodes specify absolute boundary bounds Ui ∈ ID. CONST nodes 441

declare an encoded integer constant ki ∈ Kspec, mapped rigidly to Ci = (ki, ki) ∈ ID and interpreted 442

in real semantics as ki/D. OP nodes specify σi ∈ Σprim and parent indices π(i) = (j1, . . . , jk) 443

enforcing topological strict order jm < i. 444

Definition 11 (Admissible Inputs and Trajectories). Let Iin = {i ∈ V | t(i) = IN}. An 445

admissible input is a mapping u : Iin → R restricted strictly to u(i) ∈ γD(Ui). A concrete 446

trajectory is an execution sequence mapping x : V → R generated topologically from u via the 447

following partial functions: 448

1. t(i) = IN =⇒ x(i) = u(i) 449

2. t(i) = CONST =⇒ x(i) = ki/D 450

3. t(i) = OP =⇒ evaluated exclusively if (x(j1), . . . , x(jk)) ∈ DomR
σi

, yielding x(i) = 451

f impl
σi (x(j1), . . . , x(jk)). 452

9. Specification Compilation and Spec-REPLAY 453

To mathematically decouple the Verifier logic from recursive real-valued evaluation 454

mechanics, specifications are algorithmically translated into Spec-DAG ledgers structurally 455

isomorphic to program topology. 456

Definition 12 (Specification Syntactic Structure and Real Semantics JeKR). Each e is uniquely 457

generated by e ::= Const(k) | Var(v) | e1 ⊕ e2 where k ∈ Kspec, v ∈ V, and ⊕ ∈ 458

{+,−,×}. For a totally defined trajectory x, the real continuous evaluation is defined structurally: 459

JConst(k)KR(x) := k/D, JVar(v)KR(x) := x(v), Je1 ⊕ e2KR(x) := Je1KR(x)⊕ Je2KR(x). 460
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Definition 13 (Spec-DAG Compilation Mapping). We define a completely formalised map 461

compile(e) yielding a Spec-DAG evaluated over Σprim: 462

1. compile(Const(k)) returns a CONST node with payload k. 463

2. compile(Var(v)) returns a VAR node referencing program node v. 464

3. compile(e1 ⊕ e2) returns an OP(⊕) node with parents compile(e1) and compile(e2). 465

No sub-expression sharing is performed: compile produces a tree-shaped DAG. 466

Definition 14 (Spec-DAG Real Semantics valspec). Let Ge = compile(e) and fix a valid 467

trajectory x. Define valspec(k, x) by topological recursion on nodes k of Ge: 468

1. If k is CONST with payload p, then valspec(k, x) := p/D. 469

2. If k is VAR referencing v ∈ V, then valspec(k, x) := x(v). 470

3. If k is OP(⊕) with parents (k1, k2), then valspec(k, x) := valspec(k1, x) ⊕ valspec(k2, x). 471

Theorem 8 (Compile Correctness). For any continuous specification expression e and valid 472

trajectory x, valspec(compile(e), x) = JeKR(x). 473

Proof. We proceed by structural induction on the grammar of expressions e. Base (Const). 474

If e = Const(k), then compile(e) is a CONST node with payload k. By Definition of 475

valspec, valspec(compile(e), x) = k/D. By Definition of J·KR, JConst(k)KR(x) = k/D. Hence 476

equal. Base (Var). If e = Var(v), then compile(e) is a VAR node referencing v. Thus 477

valspec(compile(e), x) = x(v) = JVar(v)KR(x). Step. If e = e1 ⊕ e2, then compile(e) is an 478

OP(⊕) node with parents compile(e1) and compile(e2). By definition, 479

valspec(compile(e), x) = valspec(compile(e1), x) ⊕ valspec(compile(e2), x). 480

By induction hypothesis this equals Je1KR(x)⊕ Je2KR(x) = JeKR(x). 481

Definition 15 (Spec-ledger REPLAY). The Spec-DAG is serialised topologically into a sequential 482

Spec-ledger. Crucially, every OP(×) node is supplied with an explicit Euclidean integer witness 483

W×. The Verifier computes abstract bounds Ĩspec
k : 484

• VAR nodes directly import the abstract bounds Ĩv outputted by the main Program REPLAY 485

sequence. 486

• CONST nodes insert (payload, payload). 487

• OP nodes rigorously invoke τ(Check∗
σ) followed sequentially by bounding Tσ. 488

10. Simultaneous Soundness and Absolute Verification 489

Definition 16 (Specification Constraint Index Set Φ and Targets). Let Φ ⊂ N be a finite index 490

set. A specification constraint family is a family (er)r∈Φ of expressions generated by the grammar 491

e ::= Const(k) | Var(v) | e1 ⊕ e2 with k ∈ Kspec, v ∈ V, and ⊕ ∈ {+,−,×}. Each r ∈ Φ 492

denotes the real inequality constraint JerKR(x) ≤ 0 imposed on a trajectory x. Define the Spec-root 493

node kr := compile(er). 494

Definition 17 (Well-Formed Certificate). A certificate C = (P , U, C, Φ, Lprog,Lspec) is 495

well-formed if all of the following hold: 496

1. (Scale) 0 < D. 497

2. (Interval Closure) Every interval appearing in U, C, and in the program ledger assignments 498

(Ii)i∈V satisfies a ≤ b. 499

3. (Program Structure) P is a DAG with parent indices satisfying j ∈ π(i) =⇒ j < i. 500
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4. (Specification Targets) Φ is finite and each er (r ∈ Φ) is generated by the specification 501

grammar over (Kspec, V); moreover, Lspec is a topological serialization of the disjoint union of 502

the compiled trees (compile(er))r∈Φ. 503

Definition 18 (Certificate and Universal Verifier Algorithm). A certificate 504

C = (P , U, C, Φ, Lprog, Lspec) 505

maps topology onto Ii intervals and Wi witnesses. 506

The algorithm 507

V(C) ∈ {ACCEPT, REJECT} 508

executes exclusively over instantiated ground quantifier-free formulas over Σint. 509

Certificate-side check schemata may use Σsrc but are normalized by τ before evaluation. 510

1. (WF-CERT) Verify Definition 17 for all certificate-provided objects, including finiteness of Φ 511

and well-formedness of each er (r ∈ Φ). 512

2. (STRUCT) For all OP, verify DAG topological order j ∈ π(i) =⇒ j < i. 513

3. (REPLAY) Trace topologically to define Ĩi. IN sets Ui. CONST sets Ci. OP evaluates 514

τ(Check∗
σi
( Ĩπ(i), Wi)); if true, executes Tσi (. . . ) to generate Ĩi. Ensure Ii = Ĩi. 515

4. (SPEC-REPLAY) Execute Definition 15 across Lspec to compute Ĩspec
k for all Spec-ledger 516

nodes k; for each r ∈ Φ, let kr := compile(er) and set (ar, br) := Ĩspec
kr

. 517

5. (SPEC-VERIFY) For each r ∈ Φ, evaluate τ(br ≤ 0). 518

Lemma 24 (REPLAY establishes WF∗). Because the Verifier REPLAY logic explicitly requires 519

the strict truth of the unquantified evaluation τ(Check∗
σi
), successful processing mechanically 520

instantiates WF∗
σi

by definition. 521

Lemma 25 (WF∗ implies Domain Indicator). For any σ, if τ(Check∗
σ(·)) is true then 522

τ(Domσ(·)) is true. 523

Proof. Immediate from Check∗
σ := Domσ ∧Checkσ. 524

Theorem 9 (Simultaneous Trajectory Existence and Program Enclosure). If V(C) = 525

ACCEPT, then for every admissible continuous input u, there exists a mathematically defined 526

continuous trajectory x : V → R such that across all topological program nodes i, x(i) ∈ γD( Ĩi). 527

Proof. We proceed by induction on the topological order of the program DAG. 528

Base case (IN, CONST): If t(i) = IN, define x(i) := u(i). By admissibility of the input, 529

u(i) ∈ γD(Ui) = γD( Ĩi). If t(i) = CONST, define x(i) := ki/D. Then x(i) ∈ γD(Ci) = 530

γD( Ĩi). 531

Inductive step (OP node i): Assume that for every parent j ∈ π(i), the value x(j) is 532

already defined and satisfies x(j) ∈ γD( Ĩj). Since REPLAY accepts node i, Lemma 24 yields 533

WF∗
σi

. By Lemma 25, τ(Domσi ( Ĩπ(i))) is true. Applying the corresponding domain-safety 534

lemma for σi gives 535

γD( Ĩj1)× · · · × γD( Ĩjk ) ⊆ DomR
σi

. 536

Since each parent value lies in the corresponding enclosure, the tuple x(π(i)) belongs to 537

DomR
σi

. Therefore f impl
σi (x(π(i))) is defined; set 538

x(i) := f impl
σi (x(π(i))). 539
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Because WF∗
σi

holds, the corresponding R-SOUND theorem applies and yields 540

x(i) ∈ ( f impl
σi )♯(γD( Ĩπ(i))) ⊆ γD(Tσi ( Ĩπ(i), Wi)). 541

By the REPLAY definition, Tσi ( Ĩπ(i), Wi) = Ĩi. Hence x(i) ∈ γD( Ĩi). 542

Thus existence and enclosure hold at every node. The claim follows by induction. 543

Lemma 26 (Uniqueness of Trajectory). Assume V(C) = ACCEPT. For a fixed admissible input 544

u, if x : V → R and x′ : V → R are trajectories satisfying Definition 11 for the same u, then 545

x = x′ pointwise. 546

Proof. By topological induction on node index i. If t(i) = IN, then x(i) = u(i) = x′(i). If 547

t(i) = CONST, then x(i) = ci = x′(i). If t(i) = OP, by induction hypothesis x(j) = x′(j) 548

for all j ∈ π(i). Hence the parent tuples are identical, and both trajectories must satisfy 549

x(i) = f impl
σi (x(π(i))) and x′(i) = f impl

σi (x′(π(i))). 550

Therefore x(i) = x′(i). This completes induction. 551

Theorem 10 (Spec-DAG Enclosure). Assume V(C) = ACCEPT. For any admissible input u 552

and the induced trajectory x from Theorem 9, every Spec-ledger node k satisfies 553

valspec(k, x) ∈ γD( Ĩspec
k ). 554

Proof. Proceed by topological induction over the Spec-ledger order used by SPEC-REPLAY 555

(Definition 15). Let k be the current node and assume the claim holds for all strict parents 556

of k in the Spec-DAG. 557

Case 1 (CONST). Then Ĩspec
k = (p, p) where p is the payload integer. By Definition of 558

valspec, valspec(k, x) = p/D ∈ [p/D, p/D] = γD(p, p) = γD( Ĩspec
k ). 559

Case 2 (VAR). Then k references some program node v, and SPEC-REPLAY sets Ĩspec
k := 560

Ĩv. Also valspec(k, x) = x(v) by definition. By Theorem 9, x(v) ∈ γD( Ĩv) = γD( Ĩspec
k ). 561

Case 3 (OP). Let k be OP(σ) with Spec-parents k1, . . . , km. By induction hypothesis, 562

valspec(kj, x) ∈ γD( Ĩspec
kj

) (j = 1, . . . , m). 563

By Definition 15, SPEC-REPLAY evaluates the ground formula 564

τ
(

Check∗
σ( Ĩspec

k1
, . . . , Ĩspec

km
, Wk)

)
. 565

and ACCEPT implies it evaluates to true. Therefore WF∗
σ holds for this Spec-node. By 566

Abstract Domain Safety for σ (Lemma 17 for σ ∈ {+,−,×, relu}, Lemma 15 for σ = inv, 567

and Lemma 16 for σ = sqrt), 568

γD( Ĩspec
k1

)× · · · × γD( Ĩspec
km

) ⊆ DomR
σ . 569

Hence the real operation f impl
σ is defined on every input point in that product set, in 570

particular on the tuple (valspec(k1, x), . . . , valspec(km, x)). By R-SOUND (Definition 8), 571

SPEC-REPLAY sets Ĩspec
k = Tσ( Ĩspec

k1
, . . . , Ĩspec

km
, Wk) and we have 572

( f impl
σ )♯(γD( Ĩspec

k1
), . . . , γD( Ĩspec

km
)) ⊆ γD( Ĩspec

k ). 573
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Applying this inclusion to the particular tuple yields 574

valspec(k, x) = f impl
σ

(
valspec(k1, x), . . .

)
∈ γD( Ĩspec

k ). 575

All cases are closed, completing the induction. 576

Theorem 11 (Deterministic Verifier Soundness). If V(C) = ACCEPT, then for any admissible 577

input u, letting x be the induced trajectory guaranteed by Theorem 9, we have 578

∀r ∈ Φ, JerKR(x) ≤ 0. 579

Proof. Fix r ∈ Φ and let kr := compile(er). By Spec-DAG Enclosure, 580

valspec(kr, x) ∈ γD( Ĩspec
kr

). 581

By SPEC-REPLAY, Ĩspec
kr

= (ar, br), hence 582

valspec(kr, x) ∈ γD(ar, br) = [ar/D, br/D]. 583

By Compile Correctness (Theorem 8), 584

JerKR(x) = valspec(kr, x) ∈ [ar/D, br/D]. 585

The ACCEPT sequence demanded τ(br ≤ 0), hence br ≤ 0 by Lemma 9. Consequently, 586

JerKR(x) ≤ br/D ≤ 0. 587

Since r ∈ Φ was arbitrary, the claim holds for all r ∈ Φ. 588

10.1. Deterministic Complexity and Implementation Bound Integration 589

Definition 19 (Atomic Evaluation Cost). We measure the cost of evaluating a normalized check 590

τ(ϕ) by the total number of integer comparisons (<,≤,=) evaluated in the worst case, assuming 591

no short-circuiting for ∧ and ∨. 592

Constraint 1 (Atomic Boundedness of Primitives). Let an atomic operation uniquely map to an 593

exact Atom comparison (≤,<,=). By formally translating macro rules into totally expanded Σint 594

evaluations, the count of evaluated atoms kσ structurally stabilizes: 595

• k+, k− = 0. 596

• CheckFDIV, CheckCDIV = 6 atoms each. 597

• Checkmin, Checkmax = 8 atoms each. 598

• k× = 8 + 8 + 6 + 6 = 28 atoms. 599

• kinv = 2 + 6 + 6 = 14 atoms. 600

• ksqrt = 1 + 1 + 1 + 1 + 1 + 2 = 7 atoms. 601

• krelu = 3 + 3 + 4 = 10 atoms. 602

Thus k = max(kσ) ≤ 28 maps logic geometrically to an absolute uniform processing threshold. 603

Theorem 12 (Deterministic Linear-Time Complexity). Let n = |Lprog| and s = |Lspec|. Define 604

metric b unconditionally as the absolute maximal bit-length instantiated during all discrete verifier 605

integer generations, including completely internal algebraic multiplications (e.g., intermediate terms 606

ac, (Q+ 1)d, p2). The REPLAY algorithm triggers structurally at maximum k ≤ 28 atomic bounds 607
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per trace node. Marking C(b) as the multi-precision timing index, global execution completes totally 608

bounded within: 609

Tverify(n, s, b) = O((n + s) · C(b)) 610

Assumption 1 (Implementation Inclusion / Deployment Contract). For each primitive σ ∈ 611

Σprim, let the deployed implementation be denoted by gσ. Assume the following deployment contract 612

holds for every invocation of σ in any trace C for which V(C) = ACCEPT: 613

1. (Totality on verifier-enclosed tuples) Whenever the Verifier accepts, every runtime argu- 614

ment tuple x⃗ used to call gσ lies in the verifier-produced enclosure product 615

x⃗ ∈ γD(I1)× · · · × γD(Ik) ⊆ DomR
σ , 616

and gσ(x⃗) returns a real value for all such x⃗ (i.e., no NaN/Inf or undefined branch on this set). 617

2. (Inclusion into the certified set-extension) For every such tuple x⃗, 618

gσ(x⃗) ∈ ( f impl
σ )♯(γD(I1), . . . , γD(Ik)). 619

Equivalently: on each verifier-enclosed region, the deployed gσ refines the abstract set-extension 620

used in the soundness rules, so the enclosure guarantees transfer from f impl
σ to the deployed gσ 621

under the stated contract. 622

Corollary 1 (Transfer to Deployed Implementations under Implementation Inclusion). The 623

core theorems certify enclosure for the mathematical semantics f impl
σ and the verifier-produced 624

integer envelopes. Under Assumption 1, the same enclosure guarantee transfers to the deployed 625

implementation gσ on the certified region. 626

11. Discussion and Limitations 627

Interpretation of the present results. 628

The present results should be read as closure theorems for the verifier core over the 629

fixed primitive set Σprim. Relative to classical interval analysis, the contribution is not a new 630

interval semantics. Relative to proof-carrying code, it is a specialization of the proof object 631

to finite instantiated integer checks with explicit Euclidean witnesses. Relative to floating- 632

point tools and SMT-based reasoning, it is the elimination of search and analytic reasoning 633

from the verifier itself. Accordingly, the paper proves deterministic replay-checkability 634

of realized certificates for the stated primitive core; it does not claim a general result for 635

arbitrary nonlinear-real verification or for arbitrary deployed implementations outside the 636

explicit implementation-inclusion contract. 637

On Spec-DAG sharing and what “blow-up” means here. 638

Our specification compilation intentionally performs no sub-expression sharing, pro- 639

ducing a tree-shaped Spec-DAG by definition. This is a certificate-generation design choice 640

(and can be optimized by sharing), but it is not a verifier requirement. Accordingly, we do 641

not claim to prevent syntactic expansion of the certificate in general; rather, we avoid solver- 642

driven blow-up from non-linear real arithmetic encodings by restricting verification to 643

ground Σint checks and replaying a finite ledger. The deterministic bound O((n + s)C(b)) 644

is stated in terms of the realized ledger sizes n = |Lprog| and s = |Lspec|. 645

Deployment binding (Implementation Inclusion). 646

The core theorems certify enclosure for the mathematical semantics f impl
σ and the 647

verifier-produced integer envelopes. Transfer of this guarantee to a deployed implementa- 648

tion gσ is not claimed unconditionally. It holds only under Assumption 1, which requires 649
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(i) runtime arguments to remain within the verifier-enclosed product region, and (ii) the 650

deployed gσ to refine the certified set-extension on that region. If this contract is violated 651

(e.g., implementation drift, undefined branches, NaN/Inf behavior, or domain mismatch), 652

the enclosure guarantee does not apply to the deployed device. 653

Scope of primitives and extensibility. 654

This work closes soundness for the finite primitive set 655

Σprim = {+,−,×, inv, sqrt, relu}. 656

Any additional primitive (or any alternative implementation contract) requires an explicit 657

check schema and a corresponding R-SOUND proof in the same ground, quantifier-free 658

integer framework. 659

Therefore, the claimed determinism and closure are scoped to the explicitly discharged 660

primitives and their stated domains. 661

Numeric model and exactness requirements. 662

Verification is performed over mathematical integers with bit-complexity accounted for 663

by C(b). A concrete verifier implementation must therefore ensure exact integer semantics 664

(e.g., via big-integer arithmetic) and must not rely on finite-word overflow behavior. Any 665

mismatch between mathematical integer evaluation and the implementation arithmetic 666

invalidates the replay-verification guarantee. 667

Certificate generation versus replay verification. 668

The deterministic bound O((n + s) · C(b)) applies to replay verification of a fixed ledger 669

and its witnesses. Certificate generation (ledger construction and witness synthesis) is 670

intentionally treated as upstream work and may be substantially more expensive depending 671

on the compilation and bounding strategy. The contribution of ADIC is that, once produced, 672

verification is finite, deterministic, and mechanically checkable. 673

Provenance and adversarial artefacts. 674

The verifier rejects any ledger/witness set whose ground integer checks fail; however, 675

provenance protection (e.g., distribution integrity, signing, or binding to a build identity) is 676

orthogonal to the mathematical core and is not required for the correctness of the replay- 677

verification definition itself. If provenance guarantees are needed in deployment, they can 678

be layered independently without changing the proof obligations of the verifier. 679

12. Conclusions 680

This paper establishes a verifier-closure result for replay verification of interval pro- 681

grams over the fixed primitive set Σprim = {+,−,×, inv, sqrt, relu}. The contribution is not 682

a new family of interval operators and not a general result for nonlinear-real verification. 683

Within the stated primitive set and assumptions, the verifier reduces checking to instanti- 684

ated ground integer formulas over finite realized ledgers, and verifier acceptance implies 685

the existence of a concrete trajectory together with enclosure of the certified specification 686

constraints. The deterministic complexity claim applies to replay verification of a realized 687

certificate, up to integer bit-complexity. Extension to additional primitives requires the cor- 688

responding check schemas and R-SOUND proofs, and transfer to deployed floating-point 689

implementations requires the explicit implementation-inclusion contract. 690
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